In this paper, applying the power series method, we approximate analytic functions by simple harmonic functions in a neighborhood of zero.
http://www.journalofinequalitiesandapplications.com/content/2013/1/3 the inequality a n (x)y (n) (x) + a n- (x)y (n-) (x) + · · · + a  (x)y (x) + a  (x)y(x) + g(x) ≤ ε for all x ∈ I and for a given ε > . If there exists an n times continuously differentiable function y  : I → X satisfying a n (x)y for all x ∈ (a, ∞). We know that the general solution of the linear differential equation
where c is a constant.
Therefore, we say that the differential equation y (x) = y(x) has the Hyers-Ulam stability. If we can get a similar result with a control function ϕ(x) in place of ε, we say that the differential equation y (x) = y(x) has the Hyers-Ulam-Rassias stability.
In  and , Miura et al.
[] expanded Alsina and Ger's result by proving that the differential equation y (x) = λy(x) has the Hyers-Ulam stability. The author wrote a paper with Miura and Takahasi which expanded the result of Hyers-Ulam stability of that differential equation. To be more precise, we may choose a constant c such that the solution of the inequality |y (x) -λy(x)| ≤ ϕ(x) is not too far away from ce λx in the sense of upper norm (see [] ). Recently, the author applied the power series method to studying the Hyers-Ulam stability of several types of linear differential equations of second order (see [-] ).
In Section  of this paper, we apply the power series method to prove the Hyers-Ulam stability of the simple harmonic oscillator equation
This paper is an extension and an improvement of the previous paper [] . We denote by N  the set of all nonnegative integers. 
Inhomogeneous simple harmonic oscillator equation
then every solution y : (-ρ  , ρ  ) → C of the inhomogeneous simple harmonic oscillator equation
can be expressed by
, where y h (x) is a simple harmonic oscillator function and the value of c m is given by (.).
Proof We can use induction on m and prove that if a sequence {c m } satisfies the relation (.), then
for all m ∈ N  . We omit the proof. Due to (.), there exists an m  ∈ N such that a m =  for any integer m ≥ m  . Moreover, for any real number δ with L < δ < , we can choose an integer m δ such that m δ > m  and
for all integers m ≥ m δ . We now define a real constant M >  by
In view of (.), (.), and (.), for any sufficiently large integer m, there exists a real constant C >  such that
Hence, it holds that
Similarly, we have lim sup
which implies that the radius of convergence of power series 
If we define (y  + y  )(t) = y  (t) + y  (t) and (λy  )(t) = λy  (t)
for all y  , y  ∈ C and λ ∈ C, then C is a vector space over complex numbers. We remark that the set C is large enough to be a vector space. Now, we prove the main theorem of this paper.
Theorem . Let L be a real number with |L| < . Assume that y : (-ρ  , ρ  ) → C is an arbitrary function belonging to C whose power series coefficients satisfy either
where ω is a positive number. If y satisfies the differential inequality
for all x ∈ (-ρ  , ρ  ) and for some ε > , then there exists a solution y h : (-ρ  , ρ  ) → C of the simple harmonic oscillator equation (.) such that
where C is determined by (.) and K is defined in (b).
Proof We will prove this theorem under the first condition of (.). Let ρ  be the radius of convergence of the power series 
for all x ∈ (-ρ  , ρ  ). In view of (b), there exists a constant K ≥  such that
for all x ∈ (-ρ  , ρ  ). Moreover, by using (.), (.), and (.), we get
for any x ∈ (-ρ  , ρ  ). (That is, the radius of convergence of power series We remark that Theorem . is true whether the 'radius' of the domain interval of y is larger than one or not, while [, Theorem .] holds only when the function y has the domain whose 'radius' is not larger than one.
An example
Let ε, ω, and ω  be positive real numbers satisfying
Moreover, we set ρ  = /(ω  ). We will show that if y(x) = cos ω  x + sin ω  x for all x ∈ (-ρ  , ρ  ), then y ∈ C with the constant K = /. We know that the sine function y(x) = cos ω  x + sin ω  x can be expressed by the power series
where we set
for every m ∈ N  . Hence, y satisfies the condition (a). If we define 
for all x ∈ (-ρ  , ρ  ). Therefore, we conclude that 
